The Free Particle – Applying and Expanding

Review

We began our study of the free particle with the one-dimensional Schrödinger equation:
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(Equation 1)

We used separation of variables to get the wave function:
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(Equation 2)

and an equation for the eigenfunction:
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(Equation 3)

With a constant potential the general eigenfunction can be written as a linear combination of sine and cosine functions:
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(Equation 4)

or complex exponentials:
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(Equation 5)

or in a phase-amplitude form:
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(Equation 6)

The corresponding wave functions are:
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(Equation 7)
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(Equation 8)

and
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(Equation 9)

The wave number is:
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(Equation 10)

and the wavelength:
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(Equation 11)

In the exploration you saw:

· All of these wave functions are stationary states (their probability density doesn’t depend on time).

· The wave functions of equation 7 with real coefficients are standing waves (the nodes and antinodes of the wave function don’t move).
· The wave functions of equation 8 with C = 0 or D = 0 are traveling waves (the wave shape is constant – it just moves along the x-axis with time).
· The wave functions of equation 8 with C = D are standing waves (if you superimpose a left-going and a right-going traveling wave of equal amplitude you get a standing wave).
· The wave functions of equation 8 with C ≠ D ≠ 0 are neither standing waves nor traveling waves.
· The period of the oscillation of the standing waves and the “speed” of the traveling waves depends on the energy.
· The wavelength depends on the energy.
Exercises

Exercise 1:  Calculate the probability density, Ψ* Ψ, for the wave functions of equations 7 and 8.  Thus show explicitly that it is real and that the wave functions represent stationary states.

Exercise 2:  Find the probability density for the wave function of equation 8 with D=0.  Compare to the probability density of a classical free particle.

Exercise 3:  Show that all wave functions calculated with the separation of variables technique of equation 2 are stationary states.

Exercise 4:  Show that all of the wave functions of equation 7 with real coefficients are standing waves.  What is their period of oscillation?

Exercise 5:  Calculate the “speed” of the traveling waves of equation 8 with D=0.  (Find dx/dt of a node or antinode.)  Compare this with the speed of a classical free particle.

Exercise 6:  Calculate the expectation value of the momentum, <p>, for the wave function of equation 8 with D=0.

Questions

Question 1:  In classical physics, the results of a problem never depend on where you choose the zero point of potential energy – all that really matters is energy differences.  A free particle with a potential energy of 0eV and a total energy of 3eV moves the same as a free particle with a potential energy of 2eV and a total energy of 5eV.  This should also be true in quantum physics.  Equations 10 and 11 clearly show that the wave number and wavelength of a quanta only depend on the energy differences but your solutions to exercises 4 and 5 show that the period of a standing wave and the “speed” of a traveling wave depend only on total energy.  Why is this not a problem?  Explain.

Question 2:  The probability density that you calculated in exercise 2 is a constant.  What does this mean physically?  Is this what you expect for a free particle?  Why or why not?  What exact classical situation does this really correspond to? (You might also consider your answers to exercise 6 while trying to answer this question).  How does this differ from what you are used to seeing classically?

Question 3:  In classical physics you spent a lot of time studying the “simple” case of motion due to a constant force (constant acceleration).  In quantum physics in order to get a “simple” case we have to take a step back to motion due to a no force (which is the even simpler case of constant velocity motion in classical physics).  In classical physics there is an even simpler case than that, the “motion” (non-motion?) of a particle with no velocity and no forces acting on it.  To study this case in quantum physics you would need to set E = V in equation 3.  What are the possible solutions to this equation?  (Remember, since it is a second order equation that the solution should have 2 free parameters.)  Do the wave functions that correspond to these eigenfunctions make sense?  Why or why not?

Projects

Project 1:  There are solutions to equation 1(with constant potential) that are not derived by the separation of variables technique of equation 2.  One such solution is:

…

Analyze this solution in one or more of the following ways:

· Write a computer program (C, Java, Maple, MATLAB, FORTRAN, Mathematica, Excel…) to graph this function and to animate the graph in time.

· Calculate the probability density and plot it for several different values of t.

· Calculate the “speed” of the solution.

· Calculate various expectation values (<x>, <p>, <E>…).

· Find and plot the momentum space wave function (Fourier transform).

· Find and plot the energy space wave function (spectrum).
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